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SCALAR CURVATURES OF HERMITIAN METRICS ON 
THE MODULI SPACE OF RIEMANN SURFACES 

YUNHUI WU 


Abstract. In this article we show that any finite cover of the moduli 
space of closed Riemann surfaces of g genus with g ^ 2 does not ad¬ 
mit any complete finite-volume Hermitian metric of non-negative scalar 
curvature. 

Moreover, we also show that the total mass of the scalar curvature 
of any almost Hermitian metric, which is equivalent to the Teichmiiller 
metric, on any finite cover of the moduli space is negative provided that 
the scalar curvature is bounded from below. 


1. Introduction 

Let Sg be a closed surface of genus g with g ^ 2, Mod(5g) be the map¬ 
ping class group and Tg be the Teichmiiller space of Sg. Topologically Tg 
is a complex manifold of complex dimension 3g — 3, which carries various 
Mod(5'g)-invariant metrics which descend into metrics on the moduli space 
Mg of Sg with respective properties. For examples, the Teichmiiller met¬ 
ric, Kobayashi metric and Caratheodory metric are complete and Finsler. 
The Weil-Petersson metric is Kahler [T], incomplete HIIZ! and has neg¬ 
ative sectional curvatures |18] . The Asymptotic Poincare metric, Induced 
Bergman metric, Kahler-Einstein metric, McMullen metric, Ricci metric, 
and perturbed Ricci metric are complete and Kahler. In [ini EU ESI 1^ . 
the authors showed that the metrics listed above except the Weil-Petersson 
metric are equivalent. 

It is shown that the perturbed Ricci metric [101 El] has pinched negative 
Ricci curvature. So does the scalar curvature of the perturbed Ricci metric. 
And the McMullen metric m has negative scalar curvature at certain points 
since the metric, restricted on certain thick part of the moduli space, is the 
Weil-Petersson metric. However, in [7] Farb and Weinberger show that any 
finite cover M of the moduli space Mg [g ^ 2) admits a complete finite- 
volume Riemannian metric of (uniformly bounded) positive scalar curvature. 
They also show that this metric is not quasi-isometric to the Teichmiiller 
metric. And they conjecture (see Conjecture 4.6 in [5]) 

Conjecture 1.1 (Farb-Weinberger). Let Sg he a surface of g genus with 
g ^ 2. Then any finite cover M of the moduli space Mg of Sg does not 
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admit a finite volume Riemannian metric of (uniformly bounded) positive 
scalar curvature in the quasi-isometry class of the Teichmuller metric. 

Let M be any finite cover of M^. The natural complex structure on the 
Teichmuller space descends into a complex structure on M. In this paper 
we will focus complete Hermitian metrics on M with this complex structure. 
Our first result is 

Theorem 1.2. Let Sg he a surface of g genus with g 2 and M be a finite 
cover of the moduli space of Sg. Then for any complete finite-volume 
Hermitian metric || • || on M, the scalar curvature Sea of {M, || • ||) satisfies 

inf Sca(p) < 0. 
pgm 

As introduced before there is a list of canonical metrics which are equiva¬ 
lent (or quasi-isometric) to the Teichmuller metric IHIt (see [TOl[TT( i. 
Our second aim is the following uniform upper bound on the infimum of the 
scalar curvature of any Hermitian metric on a given class. 

Theorem 1.3. Let Sg be a surface of g genus with g 2 and M be a finite 
cover of the moduli space of Sg. Given two constants fci,/c 2 > 0, then 
for any Hermitian metric || • || on M with A:i|| • || ^ || • ^ fc 2 || • ||, there 

exists a constant K{ki,g) > 0 only depending on ki and g such that the 
scalar curvature satisfies 

^ -Kih,g) < 0 . 

peWII'll) 

Theorem 11.31 confirms Conjecture II.II for the Hermitian case. For the gen¬ 
eral Riemannian case, we have been told by Prof. Farb in [6] that Conjecture 
11.11 is confirmed by him and Weinberger in a forthcoming paper. And their 
method is completely different from the method in this article. 

Both Theorem [L2] and Theorem [L3] tell that the scalar curvature of any 
Hermitian metric, which is equivalent to the Teichmuller metric, on the 
moduli space is negative at certain points. It is natural to ask whether the 
total mass of the scalar curvature could be positive. Our last result tells 
that this is impossible if we assume the metric is almost Hermitian and its 
scalar curvature has a low bound. 

Theorem 1.4. Let Sg be a surface of g genus with g 2 and M be a finite 
cover of the moduli space of Sg. Let || • | be an almost Hermitian metric 
on M satisfying || • || « IHIt- Assume that the scalar curvature of {M, || • ||) 
is bounded from below, then the total mass of the scalar curvature satisfies 

[ Sca(p) dVol(p) < 0. 

Jp€{M,\\.\\) 

Theorem ll.4l applies to the Asymptotic Poincare metric. Induced Bergman 
metric, McMullen metric and Ricci metric, which is new. Actually it also 
applies to any metric in the the convex hull of the Kahler-Einstein metric. 
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perturbed Ricci metric and the four metrics above. 


It is interesting to know whether there exists a Hermitian metric 11 • 11 on 
a finite cover M of Wig such that || • || is equivalent to the Teichmiiller metric 
and (M, 11 • 11) has non-negative scalar curvature outside some compact subset 
of M. We hope the method in this paper is helpful for this question. 

1.1. Plan of the paper. In section 2 we review some recent developments 
on the canonical metrics on the moduli space of surfaces and recall one 
formula of S. S. Chern which is crucial for this article. In section [3] we 
establish Theorem O Theorem 11.31 is proved in section 01 And we will 
finish the proof of Theorem 11.41 in section [5l 


2. Notations and Preliminaries 


2.1. Surfaces. Let Sg be a closed surface of g genus with g ^ 2, and M_i 
denote the space of Riemannian metrics with constant curvature —1, and 
X = {Sg,a\dz\'^) be an element in M_i. The group Diffg of diffeomorphisms 
of Sg isotopic to the identity, acts by pull-back on M_i. The Teichmiiller 
space Tg of Sg is defined by the quotient space 

r3 = M_i/Diffo. 

Let Diff_|_ be the group of orientation-preserving diffeomorphisms of Sg. 
The mapping class group Mod(S'g) is defined as 

Mod(5g) = Diff+/Diffo. 

The moduli space of Sg is defined by the quotient space 

Wig = Tg/M0d{Sg). 

The Teichmiiller space has a natural complex structure, and its holomor- 
phic cotangent space T^Tg is identified with the quadratic differentials 

QD{X) = {(t){z)dz^} 


while its holomorphic tangent space is identified with the harmonic Beltrami 
differentials _ 

a{z) dz 

Recall that the Teichmiiller metric || • ||'r on is defined as 


a(z) 


\T • = 


sup 

■)pdz^£QD{X), 


Re 

Ix lbl=i 



'il;{z) 


dz Adz 
-2i 


The Weil-Petersson metric || • \ \wp is the Hermitian metric on Tg arising 
from the the Petersson scalar product 


< >= 


ip{z) ■ 'ip{z) dz A dz 


lx 


a{z) 


-2i 


via duality. 
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Both the Teichmiiller metric and the Weil-Petersson metric are Mod(5'g)- 
invariant. 


Let II ■ 
above by 


and II • II 2 be any two metrics on Tg. We call || • ||i 
II 2 if there exists a positive constant k such that 


is controlled 


^k\\ 


which is denoted by || ■ ||i ^ || • || 2 . 

The Cauchy-Schwarz inequality and the Gauss-Bonnet formula tell us 
that 


II ■ Wwp ^ II • Hr- 

We call the two metrics || ■ ||i and 11-112 are equivalent (or quasi-isometric) 


if 


1 ^ 


and 


2 ^ 


We denote it by || • ||i || ■ II 2 . 

It is not hard to see that || ■ \ \wp is not equivalent to || ■ ||t because the 
Weil-Petersson metric is incomplete and the Teichmiiller metric is complete. 


2.2. Kahler metrics on M^. In this subsection we briefly review some 
properties of the following three Kahler metrics M^: the McMullen metric, 
the Ricci metric, and the perturbed Ricci metric. They will be applied to 
prove Theorem 11.31 in section [H 


2.2.1. McMullen metric. In |13] McMullen constructed a new metric || • ||m 


on Mg, called the McMullen metric. More precisely, let Log 
be a smooth function such that 

(1) . Log{x) = log(x) if X ^ 2; 

(2) . Log{x) =0 if x ^ 1. 


[ 0 ,oo) 


For suitable choices of small constants e,5 > 0, the Kahler form of the 
McMullen metric is 


ujm = wrvp 


ddLog^ 

ej{X)<e 


where the sum is taken over primitive short geodesics 7 on X. Restricted on 
certain thick part of Mg the McMullen metric is exactly the Weil-Petersson 
metric. McMullen in m proved that this metric is Kahler hyperbolic and 
has bounded geometry. He also showed that 


\M 


\T- 


Theorem 2.1 (McMullen). On the moduli space Mg, 
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2.2.2. Ricci metric and perturbed Ricci metric. In [laiiE] it is shown that 
the Weil-Petersson metric has negative sectional curvature. The negative 
Ricci curvature tensor defines a new metric 11 ■ 11,- which is called the Ricci metric 
on Mg. Trapani in m proved || • ||t- is a complete Kahler metric. 

In [To] Liu-Sun-Yau perturbed the Ricci metric along the Weil-Petersson 
direction to give new metrics on Mg which are called the perturbed Ricci 
metrics denoted by || • Hisy. More precisely, let ujj- be the Kahler form of 
the Ricci metric, for any constant C > 0, the Kahler form of the perturbed 
Ricci metric is 


CUlsY = UJr + C ■ UJWP- 

In [To] the authors showed that both || • ||t- and || • IIlsu have bounded 
geometry. By using Yau’s generalized Schwarz Lemma |2^ they also showed 
that 

Theorem 2.2 (Liu-Sun-Yau). On the moduli space Mg, 

II • llisy ~ II • IIt ~ II • ||m- 

Furthermore, in one of their subsequent papers m they showed that 

Theorem 2.3 (Liu-Sun-Yau). With a suitable choice of the constant C, 
there exists two positive numbers Ci , C 2 such that the Ricci curvature of the 
perturbed Ricci metric || • satisfies 

—Cl ^ Ric||.||^gy ^ —C 2 < 0. 

Moreover, they also showed in [11] that the perturbed Ricci metric 11 • | Ilsv 
has negatively pinched holomorphic sectional curvatures, which is known 
to be the first complete metric on the moduli space with this property. 
And they use this property and the Schwarz-Yau lemma to prove a list of 
canonical metrics on the moduli space are equivalent. 

2.3. The ratio of intermediate volume elements. In this subsection we 
briefly review a formula of Chern in [3] which is crucial for this article. For 
the notations and computations one can also refer to [ 12 ] for more details. 

Let M and N be two 2n-dimensional Hermitian manifolds and f : M ^ 
N he a holomorphic mapping. Let be the unitary 

coframe fields of M and N respectively. There exists complex numbers aai 
such that 

n 

(2.1) ruJa = Y.ao,A. 

i=l 

Then 


n n 

f to cf) — ^ ^ ^ ^ ^aj A 0 j. 

i=l j=l 


( 2 . 2 ) 
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By raising equation (j2.2|) to the power, the ratio of intermediate vol¬ 
ume elements v is defined as 


(2.3) 


/*(Ea=l^a 


Linear algebra gives that 


(2.4) 

where 


r(dVoljv) 

dVoW 


= D-D 


(2.5) D = det(aa/3). 

Let A be the Laplace operator of M. Now we are ready to state Chern’s 
formula. 


Theorem 2.4 (Chern). 

^ ^ ^ f-lk ■ f-lk 'y ^ 

k=l l^a^l3,k^n 

where Ylk=i ' Dk is a nonnegative function on M, Sea is the scalar 
curvature of M and Ric^ is the Ricci tensor of N. For the the proof of 
Theorem [231 one can refer to [3] (or Corollary 4.4 in [12]) for details. 


3. Proofs of Theorem 11.21 
In this section we will prove Theorem 11.21 

Let M be any finite cover of the moduli space M^. If necessary we take a 
finite cover of M again, still denoted by M, such that M is a manifold. We 
lift the perturbed Ricci metric || • Ulsv in Theorem 12.31 onto M. Let || • || be 
a complete finite-volume Hermitian metric on M. We consider the identity 
map 


f:(M,||-||)^(M,||-||iSy). 

It is clear that i is holomorphic. We let v be the ratio of intermediate 
volume elements for i as in equation (j2.3l) . 

Lemma 3.1. For any p ^ {M,\\ ■ \\), 

v{p) > 0. 

Proof. For any p € (M, || • ||), v{p) > 0 follows from the fact that i : (M, || • 
II) —>■ (M, II • IIlsv) is biholomorphic. □ 

Now we are ready to prove Theorem 11.21 
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Proof of Theorem M.^ Assume that infpg(;v^ ||.||) Sca(p) ^ 0. We will argue 
it by getting a contradiction. Let A be the Laplace operator on (M, || • ||). 

Claim 1: Av{q) > 0 for any q G (M, 1| • ||). 


Proof of Claim 1. First by Theorem l2.3l we know that there exists a constant 
(72 > 0 such that 

(3.1) ^ “C'a < 0. 

From Lemma IXTl we know that u > 0. Since infpg(j\^ ||.||) Sca(p) ^ 0, by 
Theorem El we have 

(3.2) Av ^ -2v{ E 

Since > 0, inequalities (I3T]) and lead to 


(3.3) 

A\ 

<1 

2 C 2 V ■ { ^ Oafcl^) 

1^0L,k^n 

(3.4) 


2C2{3g — 3 )u 39-3 (by the AM-GM inequality) 

(3.5) 

> 

0 . 


□ 

The remaining argument is inspired by the proof of Theorem 9.1 in [2] and 
section 8.12 in [U]. We remark that it is not known that v is bounded from 
above, so the following Claim (2) can not directly follow from the results in 

m- 

Claim 2: v is a constant on (M, 11 • 11). 

Proof of Claim 2. Let gt denote the flow generated by the vector field Vv. 
Since (M, || • ||) is complete, gt is defined for all f ^ 0. 

Assume that v is not a constant and let po G M such that Vu(po) 7 ^ 0 . 
Along the flow line of gt starting at po) is increasing since for all S 2 > si ^ 
0 , 

(3.6) v{gs2{po)) - v{gsAPo)) = [ W'^vigtipoMdt ^ 0. 

J Si 

That is 

(3.7) v{gs2{po)) ^ v{gsi{po)) Vs2 > si ^ 0. 

Since we assume that Vu(po) / 0 , let S 2 = 1 and si = 0 we have 

(3.8) v{gi{po)) > v{po) > t). 
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Therefore there exists a small enough constant tq > 0 such that 

(3.9) inf ^( 01 ( 0 )) > sup v(q) 

impo^ro) q€Bipo,ro) 

where B{pQ,rQ) is the geodesic ball centered at po of radius tq. 

In particular we have 

(3.10) B{po,ro) ngi{B{po,ro)) = ^. 

Inequality ()3.6I) and equation (14.811 give that 

(3.11) B{po,ro)r\gn{B{po,ro)) = (il Vn G Z+. 

Which also implies 

(3.12) gn{B{po,ro)) n gm{B{po,ro)) = $ Vn 7 ^ m G Z+. 

Otherwise there exist two positive integers no > mo ^ 1 and ( 71,(72 € 
B{po,ro) such that gnoiQi) = 9m o{q2)- Since gt is a flow, gno-mo{(li) = Q 2 
which contradicts equation (|3.11l) . 


On the other hand, for any to > 0 (we use Proposition 18.18 in M) , we 
have 


d\ol{gt{B{po,ro))) ^ 

(3.14) 

(3.15) 

(3.16) 

From Claim (1) we have 

dYol{gt{B{po,ro))) 


(3.17) 


[ ^At=to9ndyoi) 

'B{po,ro) ® 


'B{po,ro) 


'B{po,ro) 


( 7 r„(Lv.(dVol)) 

( 7 r„(div(V(u))dVol) 


An dVol. 


dt 


hto{B(po,ro)) 


t=to > 0 Vto > 0. 


That is the flow gt is volume increasing. 

Thus, equation (13.121) and inequality (|3.17l) give that 


(3.18) 

(3.19) 

(3.20) 

(3.21) 


Vol((M,||.||)) 


^ yol{U^^^gk{B{po,ro))) 

00 

= '^yol{gk{B{po,ro))) 

k=l 

00 

^ ^Vol(S(po,ro)) 

k=l 
= 00 


which contradicts our assumption that (M, || • ||) has finite volume. 


□ 
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It is clear that Claim (1) and Claim (2) can not simultaneously hold. 
Therefore, the proof is completed. 

□ 


4. Proofs of Theorem 11.31 

As the same in section [3] we let M be any finite cover of the moduli space 
Mg and || • IIlsv be the perturbed Ricci metric in Theorem 12.31 Let ki,k 2 
be two positive constants and 11 • 11 be a Hermitian metric on M with 

^ill ■ II ^ II ■ IIt ^ ^ 2 !! • 11- 

From Theorem 12.11 and Theorem 12.21 up to some uniform constants, we 
may assume that 

(4-1) ^i|| • II ^ II • IIlsv ^ ^ 2 !! • 11- 

Use the same notations in section [3] we let v be the ratio of intermediate 
volume elements for i as in equation (12.31) . 

Lemma 4.1. For any p G (M, || • ||), we have 

v{p) ^ k\^~^ > 0. 

In particular, (M, || • ||) has finite volume. 

Proof. Since fci|| • || ^ || • IIlsv, linear algebra gives that 

(4.2) *:C’dVol|H|<dVol||.||,„. 

The conclusion follows from equation (12.41) and inequality (14.21) . 

Since (M, || • ||lsy) has finite volume, inequality (14.21) tells that (M, || • ||) 
also has finite volume. 

□ 

Lemma 4.2. (M, || • ||) is complete. 

Proof. It directly follows from our assumption that || • ||t ^ ^ 2 !! ' || and the 
fact that the Teichmiiller metric is complete. □ 

Now we are ready to prove Theorem 11.31 

Proof of Theorem M.S[ Theorem 12.31 tells that there exists a constant C 2 > 0 
such that 

(4.3) Ric\\.\\^^Y ^ -C 2 < 0. 

We let ks := inf^g^^ ||.||) Sca(p). From Lemma [3T] we know that v > 0. 
Thus, from Theorem 12.41 we have 

Av ^ 2v ■k'i-2v{ ^ aakapkRic^-p) 

^ 2 u(/c 3 + 6 * 2 (3g' — 3 )t! 39 - 3 ) the AM-GM inequality). 

From Lemma l4.II we have 
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(4.4) Av ^ 2 fe®^-®-(A :3 + C'2(35-3)A;2). 

We choose K{ki,g) = ^ 

Claim : infpg(M,||.||) Sca(p) ^ -K{ki,g) < 0. 

Proof of Claim. Assume it is not. That is 

(4.5) inf Sca(p) ^ —K{ki,g). 

pe(M,|H|) 

Inequalities (|4.4I) and (|4.5I) lead to 

(4.6) Av^C 2 - {3g - 3) • > 0. 

There are more information coming from the conditions of Theorem 11.31 
We provide two different methods to finish the proof of the claim. 

Method (1). Since (M, || • ||) is complete and has finite volume, it follows 
from inequality (|4.6I) and the same argument as in the proof of Claim (2) in 
section [3] that u is a constant which contradicts inequality (|4.6p . □ 

Method (2). First from the right side of inequality (14.11) and by using a same 
argument in the proof of Lemma [4.11 there exists a positive constant C^ such 
that 

(4.7) sup v{p) C 3 . 

pe(M,|M|) 

Fix pq £ M and let B{pQ,r) be the closed geodesic ball of (M, || • ||) 
centered at po of radius r. Then for any t > 0 there exists a bump function 
f{x) : (M, II • II) —>■ [0,oo) which is a Lipschitz continuous function and a 
constant C 4 > 0 such that 

(i) . / = 1 on B{po, t) and / = 0 on M — B{po, 2t). 

(ii) . ||V/|| ^ ^ a.e. on M. 

(For the existence of such bump functions one can refer to |19ji. 

First since v > 0 and Av > 0 we have 

(4.8) Av‘^^2\\Vvf. 

Let <, > be the Riemannian inner product associated to the metric 11 • 11. 
The Stokes’ theorem and inequality (|4.8p give 

0 = [ div{fV{v^)) 

^ 4 / f-v <Vf,Vv>+2 ( /2.||Vu|p. 

JB{po,2t) JB{po,2t) 

The Cauchy-Schwarz inequality leads to 
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J B{po,2t) 

That is 
(4.9) 


f-\\Vv\\^ ^ -2 [ f-v<Vf,Vv> 
J B{po,2t) 

If /2.||Vi;|p. /7 

J B{pQ^2t) JB 


^ 2 , 


B{po,2t) 


i;2.||V/||2. 


[ f-WVvW^^if v^-\\Vf\\\ 

J B(po,2t) J B(vn.2t) 


B{po,2t) 


Since / = 1 on B{po,t) and ||V/|| ^ ^ a.e. on M, we replace inequality 
31) by 


(4.10) 



^ JB(po,2t) 


By inequality ()4.7p . 


(4.11) 





Afy2fy2 

—^Vol(i?(po,2t)). 


Since we assume that (M, 
Cs > 0 such that 


• II) has finite volume, there exists a constant 


(4.12) 



Since (M, || • ||) is complete and open, we let t —>■ oo, it follows from 
inequality (|4.12p that Vu = 0 on M. That is, u is a constant on M which 
contradicts inequality (|4.6p . □ 


For the second method above, we use the same argument as in [19]. □ 


It is clear that the conclusion follows from the claim. 


□ 


5. Proof of Theorem 11.41 

Recall a Hermitian manifold (M, <, >) is almost if there exists an almost 
complete structure J on M such that 

< JoP,JolF >=< V,W> 

for all tangent vectors V and W. It is clear that a Kahler manifold is almost 
Hermitian. 

If we assume that both M and N in subsection 12.31 are almost Hermitian, 
Goldberg and Harel in |8] proved that the term in Chern’s 
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formula (see Theorem 12.4p satisfies 


Dk ■ Dk 

k=l 


Av 


Thus, a direct computation for Theorem 12.41 gives that 


(5.1) Alog(u) = 2 • (Sea- ^ aakajBkRic^j). 


(One can see formula (10) in [H] for details.) 

Before we prove Theorem 11.41 let us recall a theorem of S. T. Yau (see 
Theorem 1 in m) which is crucial for this section. 

Let Y be a complete Riemannian manifold and A be the Laplace operator 
of N. Assume that u and h are two functions on M satisfying the following 
equation 


(5.2) 


Alogu = h. 


Then the following theorem says that 


Theorem 5.1 (Yau). Suppose h is bounded from below by a constant and 
0 < h{p) dVol(p) ^ oo. Then u^{p) dVol(p) = oo for n > 0, unless u 
is a constant function. 


Let M be a finite cover of the moduli space and | • 11 be an almost Hermitian 
metric with || • || ~ || • ||'r. We use the same notations here as in section [3l 
In our setting we let 

Y = (M,||-||), u = v 

and 


h 2 • (Sea 'y ^ O.ak^^jSkRl^ap') • 

ls;a,/3,fe^(3g-3) 

Since the perturbed Ricci metric 11 • | \lsy is Kahler and (M, 11 • 11) is almost 
Hermitian, formula (|5.1I) exactly tells us that 


(5.3) Alogu = /i. 

Now we are ready to prove Theorem 11.41 

Proof of Theorem \1.4\ First since || • || ~ II ' I|t) From Theorem 12.11 and 
Theorem ESI we may assume that 

(5.4) ^ill • II ^ II • Wlsy ^ ^2|| • 11- 
The proof of Lemma 14.11 gives that 

(5.5) 

By using a similar argument in the previous proofs, from Theorem 12.31 we 
have, for any p E (M, || • ||), 
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h{p) = 2 • (Sca(p) - a-ak{p)apk{p)Ric^-p{p)) 

l^o,/3,fc!£(3g-3) 

^ + X] Wp{p)?) 

l^a,/3^(3,-3) 

^2- inf Sca(p) + 2 C2(Sg — Sif^s-s (by the AM-GM inequality) 

P6(M,|M|)) 

> 2 • inf Sca(|?) 

PG(M,|M|)) 

> —oo 

where we apply the assumption that the scalar curvature of (M, || • ||) is 
bounded from below for the last step. That is, h is bounded from below on 
(M,||-||). 

We finish the proof through the following two cases. 

Case (1). V is a constant on (M, || • ||). 

If u is a constant, by equation (j5.3h we have h = 0. That is, 


(5.6) Sea — ^ ^ OiotkOifikRic^i^. 

It follows from Theorem 12.31 and equation (15.6p that 


(5.7) Sca(p)<0 VpG(M, ll-ll). 

It is clear that the total mass 


L 




Sca(p) dVol(p) < 0. 


Case (2). v is not a constant on (M, || • ||). 

Since (M, || • Hisy) has finite volume, from inequality (|5.5p we have 

(5.8) / u"(p) dVol(p) < oo Vn > 0. 

We already show that h is bounded from below on (M, || • ||). Thus, from 
Theorem [Q we know that 


(5.9) 


'p€(M,\ 


h{p) dVol(p) ^ 0. 


That is 
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L 


pe(M,| 


Sca{p) dVol(p) ^ 


/pe(M,| 


^ aak{p)ai3k{p)Ric^-p{p)d\ol{p). 


ls£Q,/3,fc^(35-3) 


By Theorem 12.31 and the AM-GM inequality we have 


[ Sca(j?) dVol(p) ^ [ C' 2 ( y] |ao/ 3 (p)P) dVol(p) 

^e(M,||-||) ipG(M,||-||) nx 




^ - 


< 0 . 


L 


pg(M,| 


l=£a,/3=£(3g-3) 

1 ^ 2(35 — 3)v{p) 39-3 dVol(p) 


Where we apply the fact that n > 0 for the last step. 


□ 
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